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Positivity Bounds 

= Non-trivial requirements for EFT from UV theory

Naïve argument:

≡

something

UV theory

Effective Field Theory (EFT)

∝ 𝑔2 × (propagator) > 0

If the particle is nether ghost nor tachyon

∝ 𝑐𝐸𝐹𝑇> 0 
4-point int. of EFT 

must be positive!

A. Adams et al. 2006
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Why are positivity bounds important?

Many unknowns in the Universe & Many models to explain them…

The bounds are derived under the following “axioms” on amplitude 𝐹:

1. Unitarity, 

2. Lorentz invariance, 

3. Analyticity (←Causality),

4. Boundedness (←Locality).

𝐹 is regular except particles are created

𝐹 is bounded by a power of energy

⇒ Positivity bounds exclude Anti-DBI model!

Cosmologically interesting Astrophysically interesting

Which do you like?

 can be used to exclude apparently consistent theories
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Why are positivity bounds important?
 can be used to reveal UV physics

 can be used to prove conjectures

The derivation requires “standard” assumptions on UV theory.

The violation of positivity would be a signature of quantum gravity.

Weak Gravity Conjecture could be proved.

Conjectures could be upgraded to Theorems.

e.g. J. Tokuda, 2019 for non-local theories

e.g. Y. Hamada et al., 2018

1.  Unitarity,                                2.  Lorentz invariance, 

3.  Analyticity (← Causality),      4.  Boundedness (← Locality).

UV completion of gravity might not satisfy the “standard” axioms

e.g. Non-local quantum gravity, Lorentz-violating quantum gravity….

The positivity bounds are very useful.

However, the story is not simple when gravity is included…
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2-2 scattering
(I mainly follow the paper, C. de Rham et al. PRD (2017) [1702.06134]) 

Let us consider a 2-2 scattering of particles.

in out

For simplicity,

external particles

are the same real scalarsomething

Lorentz invariance (and conservation law) concludes that

the scattering amplitude is written by two Lorentz invariant variables

Mandelstam variables:

𝑠: (center of mass energy)^2

𝑡: momentum transfer

𝜃: scattering angle

with
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Mandelstam variables

✓ 𝑡 → 0: forward scattering limit (𝜃 → 0)

✓ 𝑠 → ∞: high energy limit (𝐸𝐶𝑀 → ∞)

Intermediate momenta are 𝑠, 𝑡, 𝑢, respectively.

Physical region of scattering amplitude

𝑡 → 0

s-channel t-channel u-channel
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Mandelstam variables

Crossing symmetry: s- and t- channels are the same by redefining variables

⇒ is invariant under 𝑠 ↔ 𝑢, 𝑠 ↔ 𝑡, 𝑢 ↔ 𝑡.

Unitarity ⇒ Optical theorem:

Imaginary part is positivity in the forward limit.

The amplitude            can be extended into whole complex 𝑠, 𝑡 planes 

via analytic continuation. 

s-channel t-channel u-channel
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Analyticity of amplitude
Consider the amplitude 𝐹(𝑠, 𝑡) as a complex function of 𝑠 for a fixed 𝑡.

𝐹 𝑠, 𝑡 ȁ𝑡=𝑡0 has singularities associated with s,u-channels (implied by causality)

pole branch cut

particle exchange

multi-particle states

(for fixed 𝑡)

See e.g. Appendix of de Rham et al, 1706.02712 for a review and references therein.

(Focusing on first Riemann sheet)
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Analyticity of amplitude

s-channel t-channel u-channel

Poles at 𝑠, 𝑡, 𝑢 = 𝑚2, Branch cuts beginning at 𝑠, 𝑡, 𝑢 = 4𝑚2

(for fixed 𝑡)

(Focusing on first Riemann sheet)
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Positivity bounds: basic idea
1. Use Cauchy’s integral formula (Function = Integral of function)

2. Deform the contour (we know the analytic structure!)

3. Relate the amplitude with the imaginary part (dispersion relation)

(Imaginary part of amplitude)

4. Use the optical theorem (Imaginary part is positive!)

5. Compute LHS based on low energy EFT → constraints on EFT!

LHS = RHS > 0

⇒ Amplitude@IR = Integral of the full theory
(for small 𝑠)

(amplitude)
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Positivity bounds: details
We want to deform the contour and to ignore the integral along infinity.

→ We need to know the asymptotic behaviour of the amplitude.

The Froissart(-Martin) bound (Froissart, 1961; Martin, 1963)

This bound is derived for a gapped system and it reflects locality.

We thus consider the following Cauchy’s integral formula

guarantees the convergence 

(for fixed 𝑡)
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Positivity bounds: details
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Positivity bounds: details
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Positivity bounds: details
We obtain the twice subtracted dispersion relation

s,u-poles

s,u-branch cuts

(*using crossing)

Polynomial terms

→ disappear when we take 

We can rewrite it in a more simple expression.

→ represents the analytic structure explicitly
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Positivity bounds: details

LHS: + + + +⋯

s-channel t-channel u-channel

RHS = s-channel + u-channel + integral of imaginary part + irrelevant parts
when we take 

Let us define the pole subtracted amplitude

We get

(t-channel)
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Positivity bounds: details

(t-channel)

LHS = regular part of (pole subtracted) amplitude@IR (𝑠 ≃ 𝑚2)

RHS = integral of imaginary part +           (t-channel)

(t-channel) ∝ 𝑠𝐽 for spin-J exchange

= integral of imaginary part ← If no light spin-𝐽 (𝐽 ≥ 2) exchange

> 0 𝑎𝑠 𝑡 → 0 ← Optical theorem

Positivity bounds: 

Regular part of amplitude@IR = positive × 𝑠2 + positive × 𝑠4 +⋯
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Implications and Extensions
Positivity bounds: 

Regular part of amplitude@IR = positive × 𝑠2 + positive × 𝑠4 +⋯

For example,

t-derivatives:

Optical theorem also leads to

We can also obtain the bounds on

de Rham et al., 2017
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Improved positivity

We can subtract known parts of intermediate states (=imaginary part)!

For instance ΛEFT: EFT cutoff

→ We can compute the imaginary part up to ΛEFT

*The imaginary part arises from the integrals of s,u-channel loops.

⇒ We can subtract known parts of s,u-channels but not of t-channel.

Optical theorem ⇒

Positivity holds even if we subtract some intermediate states

cf,  the s,u-poles were cancelled but the t-pole was not.

C. de Rham et al. 2017; B. Bellazzzini, 2017
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Positivity bounds with gravity
Several subtleties arise from gravity

However, we may probably suppose the similar boundedness property

1. Analyticity

The massless graviton changes the analytic structure…

→ We may suppose that the graviton loops are neglected.

2. Boundedness

The Froissart bound is derived for the gapped system.

In string theory, this property certainly holds thanks to Regge behaviour

@UV

Graviton is massless! & Gravity is universal!

APP/IFPU Webinar, 24th Sep. 2020



Positivity bounds with gravity
Under the assumptions of analyticity and boundedness,

we can still derive the subtracted dispersion relations for 𝑡 < 0.

t-channels of

scalar&graviton

where                  is again the pole subtracted amplitude. 

+ + + +⋯

+ + + : graviton exchanges
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Positivity bounds with gravity

LHS = regular part of (pole subtracted) amplitude@IR

RHS = integral of imaginary part +           (t-channels)

(t-channel) ∝ 𝑠2 for spin-2 exchange

We cannot eliminate the graviton t-channel contribution for 𝑁 = 1.

(graviton t-channel)

We cannot say anything on 𝑁 = 1…

However, 𝑁 = 1 provides the most relevant constraints…

from the 𝑁 = 1 bound.
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Positivity bounds with gravity
Due to the graviton 𝑡-channel pole, we can only say

Amplitude@IR = −
1

𝑀pl
2

𝑠2

𝑡
+ (other poles) + ??? × 𝑠2 + positive × 𝑠4 +⋯

Graviton t-channel undetermined

→ Gravity is weak, meaning that we could ignore gravity in the first place.

⇒ If Λ4 ≪ 𝑀pl
2𝑀2, we could say 𝑐 > 0, probably…

i.e. 𝜕𝜙 4 arises from non-gravitational interactions. 

𝜕𝜙 4 ∼

Even so, what determines “𝑀” precisely? 

(purely EFT argument → 𝑀 would be cutoff, L. Alberte et al. 2007.12667)

e.g. Y. Hamada et al. PRL (2019), L. Alberte, et al. 2007.12667

Or, one does not believe the bound because of the divergence! 
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Cancellations of graviton poles

(graviton t-channel)

(graviton t-channel)

LHS = regular part of amplitude@IR

Note that 
*not include 𝑡 = 0.

𝑡 → −0 is taken after computing ∫

The divergence of the integral comes from the infinity of the domain!
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Cancellations of graviton poles
The superstring amplitude (𝛼′: string scale [𝛼′] = −2)

The amplitude contains an infinite number of poles,

corresponding to the massless graviton and the higher spin (Regge) states. 

Graviton s-pole Higher spin s-poles
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The graviton t-pole is cancelled with the Regge states (= UV dofs)!



Gravitational Positivity Bounds

(graviton t-channel)

Additional requirement: UV behaviour of the amplitude

We suppose the Regge behaviour 

Of course, this is consistent with the boundedness assumption

This behaviour is predicted by superstring theory.
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Gravitational Positivity Bounds
Assuming the Regge behaviour, 

we can explicitly compute the t-channel cancellation 

′: 𝜕𝑡 at t = 0

APP/IFPU Webinar, 24th Sep. 2020

We obtain the manifestly finite expression even for the forward limit!



Gravitational Positivity Bounds
Assuming the Regge behaviour, we obtain

Unitarity → the first term > 𝟎 while the second term < 𝟎

The third term disappears for the superstring amplitude:

′: 𝜕𝑡 at t = 0

In general, we cannot conclude 𝐵(2,0) > 0. The “wrong” sign is allowed! 
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Approximate Positivity Bounds
In practice, the “negativity” is suppressed (= first term dominates)

As long as we are thinking of “low energy” EFTs, negativity can be ignored.

𝛼′ ≃ 𝑀string
−2 = mass of higher spin −2

Hubble scale that we are interested in

⇒ Regular part of amplitude@IR ≃ positive × 𝑠2 + positive × 𝑠4 +⋯

However, we do not know the true scale of quantum gravity

⇒ violation of positivity = signature of QG?
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Related arguments

Our results indeed confirm their arguments!

&confirm that positivity holds even if 𝜕𝜙 4 arises from gravity!

 Gravity is weak, meaning that we could ignore gravity in the first place.

⇒ If Λ4 ≪ 𝑀pl
2𝑀2, we could say 𝑐 > 0, probably… 𝜕𝜙 4 ∼

e.g. Y. Hamada et al. PRL (2019), L. Alberte, et al. 2007.12667

as long as Λ4 = 𝑀pl
2𝑀2 ≪ 𝑀pl

2𝑀string
2

 B. Bellazzini et al. PRL (2019) also discussed the same problem.

Their claim: the graviton t-channel pole can be cancelled 

by the use of KK compactification and the optical theorem.

However, I think the optical theorem can cancel s,u-poles but not t-pole…

Some subtleties are argued in L. Alberte, et al. 2007.12667.

→ Positivity does not hold after t-channel elimination (from EFT argument).
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Implications for scalar-tensor theories
We can derive the gravitational positivity bounds under

⇒ Regular part of amplitude@IR ≃ positive × 𝑠2 + positive × 𝑠4 +⋯

The violation would be a signature of quantum gravity.

1.  Unitarity,                                2.  Lorentz invariance, 

3.  Analyticity (≃Causality?),     4.  Regge behaviour.

Let’s consider implications for concrete models.

As for cosmology, scalar-tensor theories would be most interesting

Scalar: dark energy/inflaton (= clock field), or dark matter

Tensor: graviton

Any constraints on these couplings?
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Bounds on non-minimal couplings
As an example, we first consider the model

Positivity provides the bounds

ΛEFT: EFT cutoff

See also C. de Rham and A. J. Tolley, 2020

*𝐹 ∝
𝑠2

𝑀pl
2 𝑀2 ⇒ Perturbative unitarity concludes cutoff ≪ 𝑀pl𝑀

1/2

On the other hand, the positivity concludes cutoff ≲ 𝑀.

The discussion can be extended into a more general theory.
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Bounds on scalar-tensor EFT
We consider all possible operators up to dim.12 after using field redefinitions.

Up to dim.11 → can be recast in “ghost-free” theory
A. R. Solomon and M. Trodden, 2018

Horndeski, GLPV, DHOST

dim.12 → ghostly term (but expected to appear as a quantum correction)

Expressions of 𝑐44
′ , 𝑔4

′ , 𝑐48
′

are very complicated…

Bounds:

for ghost-free terms for ghostly terms 

⇒ ghost-free is consistent (𝑚 ≠ 0)

APP/IFPU Webinar, 24th Sep. 2020



Bounds on dark energy model
If scalar = DE 

⇒ We have constraints from speed of GWs & graviton decay, …

The viable scalar-tensor theory (shift-symmetric case)

P. Creminelli, et al. 2018.

*There is also a constraint on

P. Creminelli, et al. 2020.Bounds: @X=0

cf. no gravity:                   which contradicts the kinetic screening.

Non-minimal coupling changes the bound and may change the story!

P. Brax et al. 2013.
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Summary and Discussions
 The positivity bounds are useful for many fields of physics.

 We can derive gravitational (approximate) positivity bounds under

⇒ Regular part of amplitude@IR ≃ positive × 𝑠2 + positive × 𝑠4 +⋯

1.  Unitarity,                                2.  Lorentz invariance, 

3.  Analyticity (≃Causality),       4.  Regge behaviour.
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 The graviton t-channel is cancelled with UV part of the integral.
(If the 𝑠2 bound is satisfied)

⇒ Gravitational positivity depends on UV completion of gravity.

Information about UV

 “negativity” = signature of quantum gravity?


