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Introduction



Motivation

Precision tests of General Relativity (GR) in a strong field, highly dynamical
regime

I Detection: searching for signals that matches with templates

I Numerical relativity simulations of mergers of compact objects –
theoretical templates of GW signatures

I Necessary condition: well-posed initial value formulation



Problems

1.) Which theories should be simulated?

2.) Do the preferred theories possess a well-posed initial value formulation?

Given suitable initial data on a (non-characteristic) Cauchy surface Σ0 that
satisfies the constraints, the initial value problem is well-posed if

i) there exists a unique solution of the equations of motion,

ii) the solution depends continuously on the initial data (in a suitable norm).

(Σ0, hab,Kab, φ,Lnφ)

na



Effective field theories

EFT provides a framework to parameterize strong field deviations from GR:
enumerate all higher derivative terms with the desired field content and
symmetry

Vacuum gravity in d dimensions: EFT up to 4 derivatives is called
Einstein-Gauss-Bonnet theory

S =
1

16πG

∫
ddx
√
−g
(

R︸︷︷︸
2∂ theory

Einstein-Hilbert term

+ β LGB︸ ︷︷ ︸
4∂ theory

Gauss-Bonnet term
(only in d > 4)

+ . . .︸︷︷︸
higher ∂ terms

)

with

LGB =
1

4
δµ1µ2µ3µ4
ν1ν2ν3ν4Rµ1µ2

ν1ν2Rµ3µ4

ν3ν4

In d > 4 dimensions the 4-derivative theory yields 2nd order equations of
motion.
In d = 4 the leading order corrections start at 6 derivatives, e.o.m. is higher
than 2nd order⇒ unlikely to admit a well-posed IVP



Effective field theories

EFT provides a framework to parameterize strong field deviations from GR:
enumerate all higher derivative terms with the desired symmetry

Scalar-tensor theories in 4 dimensions (with parity symmetry)
[Weinberg (2008)]:

S =
1

16πG

∫
ddx
√
−g
(
R−X + V (φ)︸ ︷︷ ︸

2∂ theory
Einstein-scalar-field

theory

+ α(φ)X2 + β(φ)LGB︸ ︷︷ ︸
4∂ terms

+ . . .︸︷︷︸
higher ∂ terms

)

with X ≡ − 1
2
(∂φ)2 and

LGB =
1

4
δµ1µ2µ3µ4
ν1ν2ν3ν4Rµ1µ2

ν1ν2Rµ3µ4

ν3ν4

Theory with α(φ) = 0, β(φ) 6= 0: Einstein-dilaton-Gauss-Bonnet (EdGB)
theory.

Shift invariance in the scalar field: β = λφ and λ, α and V are constants;

α, λ set a scale for UV physics.



Properties of the 4-derivative theory
Equations of motion are second order (the theory is in the Horndeski class):

Eµν ≡ −16πG√
−g

δS

δgµν
= 0 Eφ ≡ −

16πG√
−g

δS

δφ
= 0

Eµν = Gµν −
1

2

(
2X + α(φ)X2) δµν − (1 + α(φ)X)∇µφ∇νφ

+
(
β′′(φ)∇ν1φ∇

µ1φ+ β′(φ)∇ν1∇
µ1φ
)
δµµ1µ2µ3
νν1ν2ν3 Rµ2µ3

ν2ν3

Eφ = −(1 + 6α(φ)X)�gφ− 2α(φ)Xδµ1µ2
ν1ν2 ∇µ1φ∇

ν1φ∇µ2∇
ν2φ

+3α′(φ)X2 − 1

4
β′(φ)δµ1µ2µ3µ4

ν1ν2ν3ν4 Rµ1µ2

ν1ν2Rµ3µ4

ν3ν4

Black holes have scalar hair in EdGB gravity
e.g. [Kanti, et al. (1995); Sotiriou, Zhou, (2014); Kleihaus, et al. (2015); Creminelli et
al. (2020)]
There is a natural mechanism for black hole scalarization
e.g. [Cardoso, et al. (2013); Silva et al. (2018); Cunha et al. (2019); Macedo et al.
(2019); Dima et al. (2020)]
as well as for neutron star scalarization
e.g. [Palenzuela, Barausse, Ponce, Lehner (2014)]



Properties of the 4-derivative theory

Regime of validity. Fields define a length scale L

L−1 = max
{
|Rµνρσ|1/2, |∇µφ|, |∇µ∇νφ|1/2

}
L must be large compared to UV length scale⇒ weak coupling
4∂ST terms in the e.o.m. are small compared to 2∂ST terms:

|α(φ)|, |α′(φ)|, |β′(φ)|, |β′′(φ)| � L2

The theory loses its predictive power at strong coupling:
I Analytical evidence: [Papallo & Reall (2017)]

I Numerical evidence: [Pretorius & Ripley (2019)]

The weakly coupled assumption is compatible with strong-field
phenomena!

(e.g. the dynamics of black holes that are large compared to the scale set by
couplings)



In search of a good gauge (and gauge-fixing)

Well-posed initial value formulation of diffeomorphism-invariant theories
requires finding a "good" gauge and a good way of fixing the gauge

In GR, the simplest method:
harmonic gauge Hµ = 0 [Choquet-Bruhat (1952)]

Hµ ≡ gνρ∇ν∇ρxµ = −gνρΓµνρ[g]

with gauge-fixed equations

Gµν + Pα
βµν∂βH

α = 0 (1)

where Pαβµν = δ
(µ
α g

ν)β − 1
2
δβαg

µν . Equivalently,

Rµν + 2∂(µHν) = −1

2
gαβ∂α∂βgµν + Fµν(g, ∂g) = 0

I Nonlinear wave equation for gµν : IVP is locally well-posed
I Gauge-fixing term in (1) comes from an action principle



Previous work on scalar-tensor effective field theories

[Papallo & Reall (2017)] studied the IVP for Horndeski theories (including 4∂ST)
in harmonic gauge:
I Allowed for a different gauge-fixing term but required that it arises from

an action principle.
I Conclusion: IVP for harmonic gauge e.o.m. with β 6= 0 is not well-posed,

even at weak coupling

Without a well-posed formulation, certain restrictions are required in
numerical studies:
I Spherically symmetric settings [Pretorius & Ripley (2019)]

I Perturbative approach:
[Witek et al.(2018); Okounkova (2019,2020)]
Binary BH mergers in EdGB with β(φ) = 2λφ

φ =

∞∑
k=0

1

k!
εkφ(k) gµν =

∞∑
k=0

1

k!
εkg(k)µν (ε ∝ λ)

Problem: secular effects
Perturbation theory can break down even in situations where the EFT
equations of motion are still valid! [Flanagan & Wald (1996)]



The modified harmonic gauge and strong hyperbolicity



Setting up the modified harmonic gauge: auxiliary metrics

Consider a 4d spacetime (M, g) and introduce two auxiliary (inverse)
Lorentzian metrics: g̃µν and ĝµν .

gµν g̃µν ĝ
µν

(a) Cotangent space

gµν(g̃−1)µν(ĝ−1)µν

(b) Tangent space



Setting up the modified harmonic gauge: auxiliary metrics

Implications of cone positions:
I Spacelike surfaces w.r.t. gµν are also spacelike w.r.t. (g̃−1)µν and

(ĝ−1)µν

I D(Ω) ⊂ D̂(Ω)

D̂+(Ω)

D+(Ω)

Σ
Ω



The modified harmonic gauge

Define
Hµ ≡ g̃νρ∇ν∇ρxµ = −g̃νρΓµνρ[g] (2)

The modified harmonic gauge condition is Hµ = 0.

Recall

Eµν = −16πG√
−g

δS

δgµν
Eφ = −16πG√

−g
δS

δφ
(3)

We now define
Eµνmhg = Eµν + P̂α

βµν∂βH
α (4)

where P̂αβµν = δ
(µ
α ĝ

ν)β − 1
2
δβαĝ

µν .
The modified harmonic gauge equations of motion are then

Eµνmhg = 0 Eφ = 0 (5)

Setting g̃µν = ĝµν = gµν recovers the usual harmonic gauge equations of
motion.



Statement of the main result

Theorem
The modified harmonic gauge equations of motion

Eµνmhg ≡ E
µν + P̂α

βµν∂βH
α = 0 Eφ = 0

admit a locally well-posed initial value problem in the following two theories
(i) Einstein-scalar-field theory (2∂ST) and

(ii) the weakly coupled 4-derivative EFT (4∂ST)
provided that the causal cones of g, g̃ and ĝ are related as below.

gµνg̃µν ĝ
µν gµν(g̃−1)µν(ĝ−1)µν



Main ideas of the proof

1. Starting from initial data (Σ, hij ,Kij ,Φ,Ψ) (with Ψ ≡ 1/2Lnφ) in any
coordinate system, it is possible to choose a diffeomorphism such that
Hµ = 0 on Σ.

2. The gauge condition is propagated: Starting with initial data satisfying the
constraint equations and the modified harmonic gauge condition, solutions of
the gauge-fixed e.o.m. will be solutions of the e.o.m. without gauge fixing.

3. The gauge-fixed equations of motion are strongly hyperbolic.

Strong hyperbolicity is an algebraic condition on the second derivative terms
in the linearized equations of motion. It is a sufficient condition for the
nonlinear equations to admit a locally well-posed IVP (for these theories).



The principal symbol and characteristic covectors

Linearize the equations of motion around a generic background field
configuration (g, φ):

PIJµν∂µ∂νUJ + . . . = 0 UI ≡ (δgµν , δφ)

Definition
The principal symbol is given by

PIJ(ξ) ≡ PIJµνξµξν .

We call a covector ξµ characteristic if there exists a non-trivial polarization
TI ≡ (tµν , ψ) such that

PIJ(ξ)TJ = 0,

or equivalently, detP(ξ) = 0.

Physical interpretation: if ξµ is characteristic then it is the wavevector of a
high frequency plane wave solution with polarization TI .
In harmonic gauge Einstein’s equations ξµ characteristic⇔ gµνξµξν = 0.



Strong hyperbolicity
Assume surfaces x0 = const. are non-characteristic, i.e. (dx0)µ is not a
characteristic covector, and assume that these surfaces are spacelike w.r.t. g
(and also w.r.t. g̃−1 and ĝ−1). Then one can decompose

P IJ(ξ) = AIJξ20 +BIJ(ξi)ξ0 + CIJ(ξi)

AIJ = PIJ00; BIJ(ξi) = 2ξiPIJ0i; CIJ(ξi) = ξiξjPIJij

AIJ is invertible and we can define

M(ξi) =

(
0 I

−A−1C(ξi) −A−1B(ξi)

)

Definition (Strong hyperbolicity)

Let Gij be a smooth Riemannian metric on x0 = const. hypersurfaces. Then
the system of PDEs is called strongly hyperbolic if for any real covector ξi
that has unit norm (w.r.t Gij), the matrix M(ξi) admits a symmetrizer: a
positive definite hermitian matrix K(ξi) such that

K(ξi)M(ξi) = M(ξi)
†K(ξi)

Furthermore, K(ξi) must depend smoothly on ξi (and also on the
background fields and spacetime coordinates).



More on strong hyperbolicity

Strong hyperbolicity implies that M(ξi) is diagonalizable with real
eigenvalues ξ0 and ξµ = (ξ0, ξi) is characteristic:

M(ξi)

(
TI
ξ0TI

)
= ξ0

(
TI
ξ0TI

)
⇔ PIJ(ξ)TJ = 0

Conversely, strong hyperbolicity follows if M(ξi) is diagonalizable with real
eigenvalues and eigenvectors depending smoothly on ξi.

Then a smooth symmetrizer is given by

K(ξi) = S†S

where S is the matrix whose columns are the eigenvectors of M(ξi).



Einstein-scalar-field theory

Consider first the 2∂ theory (α = β = 0). For this theory, ξµ is characteristic iff
one of the following three cases holds

(i) g̃µνξµξν = 0⇒ ξ0 = ξ̃±0

(ii) ĝµνξµξν = 0⇒ ξ0 = ξ̂±0

(iii) gµνξµξν = 0⇒ ξ0 = ξ±0

The matrix M(ξi) has 6 different eigenvalues: ξ±0 , ξ̃±0 and ξ̂±0 . The
corresponding eigenvectors have the following interpretations:

(i) 4d eigenspace for both sign choices: "pure gauge" modes
(due to residual gauge symmetry)

TI ≡ (tµν , ψ) = (ξ̃(µXν), 0)T

for any covector X.

(ii) 4d eigenspace for both sign choices: "gauge condition violating" modes

(iii) 3d eigenspace for both sign choices: "physical" polarizations
(2 graviton + 1 scalar d.o.f.)

Eigenvectors have smooth dependence on ξi ⇒ modified harmonic gauge
e.o.m. are strongly hyperbolic.



Scalar-tensor effective field theory up to 4 derivatives

Now include the 4∂ST terms at weak coupling: eigenvalues of M4∂ST (ξi)
remain close to eigenvalues of M2∂ST (ξi).

M4∂ST (ξi) is diagonalizable with real eigenvalues:

(i) 4d eigenspaces with eigenvalues ξ̃±0 : "pure gauge" modes with same
eigenvectors.

TI ≡ (tµν , ψ) = (ξ̃(µXν), 0)T

(ii) 4d eigenspaces with eigenvalues ξ̂±0 : "gauge condition violating" modes.
Eigenvectors with smooth dependence on ξi (continuity argument).

(iii) 3d subspaces associated to the “physical" eigenvalues. The 3-fold
degeneracy of the 2∂ theory is split (for generic ξi).

Interpretation: the two graviton polarizations and the scalar field
propagates with different speeds.



Illustration of characteristic surfaces in 4∂ST

Characteristic set

C = {ξµ : ξµ is a "physical" characteristic covector}

gµν g̃µν ĝµν

2∂ST

C g̃µν ĝµν

4∂ST

Remarks:
I At special values of ξi the characteristics might cross.
I In a generic field configuration C may not be the union of null cones of

some "effective metrics".

At weak coupling C is contained within the causal cones of g̃ and ĝ.



Construction of the symmetrizer in the physical subspace

Issue: at special values of ξi characteristics might cross, corresponding
eigenvectors may not be smooth!

Solution: Consider the matrices

H±? (ξi) = ±
(
B?(ξi) A?
A? 0

)
with AIJ? = PIJ00? , BIJ? (ξi) = 2ξiPIJ0i? and PIJµν? is obtained by omitting
gauge-fixing terms in PIJµν

Properties of H±?
I Real symmetric with smooth dependence on ξi.
I They define a positive definite Hermitian form on V ± (at weak coupling):

(v(1), v(2))± = v(1)†H±? v
(2) v(1), v(2) ∈ V ±

I H±? is a symmetrizer for M(ξi) within V ±

Smooth symmetrizer K(ξi) for M(ξi) can be constructed in a block diagonal
form.



Summary of the assumptions
Recall that our only assumption on the three metrics g, g̃ and ĝ was that their
causal cones should form a nested set as shown below.

We have three reasons for doing so:
(i) Initial surface is spacelike w.r.t. all three metrics.
(ii) Strong hyperbolicity imposes that the three cones must not intersect.
(iii) Causal properties of the gauge fixed e.o.m. in the 2∂ST are determined

by g rather than g̃ or ĝ.

gµν g̃µν ĝ
µν

(a) Cotangent space

gµν(g̃−1)µν(ĝ−1)µν

(b) Tangent space



Discussion



Application to numerical relativity

There is plenty of freedom in how we choose the auxiliary metrics!

Simplest choice: Let nµ be the unit normal (w.r.t. g) to x0 = const. surfaces.
Then we choose

g̃µν = gµν − a(x)nµnν ĝµν = gµν − b(x)nµnν .

Modified harmonic gauge might have advantages in conventional GR!
With the choice

g̃µν = gµν − anµnν a = N/2− 1

where N is the lapse function, the µ = 0 component of the modified harmonic
gauge condition gives the widely used 1 + log slicing condition

H0 = 0 ⇔ (∂t −Nk∂k)N = −2KN

Keeping requirements (i) and (ii) but relaxing (iii) imposes −1 < a < 0 and
0 < N < 2 which is satisfied in NR simulations



Lovelock and Horndeski theories

Lovelock theories: most general theories in d > 4 dimensions satisfying the
following criteria
I the only dynamical field is the spacetime metric
I has a diffeomorphism-invariant action
I the equations of motion are second order

Horndeski theories: most general theories such that
I the only dynamical fields are the spacetime metric and a real scalar field
I has a diffeomorphism-invariant action
I the equations of motion are second order

The previous results extend to these two classes of theories:

Any weakly coupled, modified harmonic gauge Lovelock and Horn-
deski e.o.m. admit a (locally) well-posed initial value problem .



Conclusion



Conclusion

I We introduced a new class of "modified harmonic" gauge conditions and
gauge-fixing procedures

I Weakly coupled scalar-tensor EFTs up to 4 derivative terms possess a
well-posed initial value formulation

I Result extends to any weakly coupled Horndeski and Lovelock theory
I Possible applications to numerical relativity might involve

- GW waveforms produced by BH binary mergers in 4∂ST
- Explore whether numerical schemes based on modified harmonic gauge

condition have any advantages over previous approaches?

Future work
I Construction of initial data – Constraint equations
I EFTs including a Maxwell field
I Causal structure of weakly coupled EFTs



Appendix



Well-posedness

Given suitable initial data on a (non-characteristic) Cauchy surface Σ0 that
satisfies the constraints, the initial value problem is well-posed if

i) there exists a unique solution of the equations of motion,

ii) the solution depends continuously on the initial data (in a suitable norm).

(Σ0, hab,Kab, φ,Lnφ)

na



Example. Consider the first order constant coefficient PDE system in Rd+1

A∂tu+Bi∂iu+ Cu = 0

where

I u(t, x) is an N -component vector valued function
I A, Bi, C are N ×N constant matrices
I A is invertible

Let the initial surface Σ correspond to t = 0 and let us prescribe initial data
u(0, x) = f(x) on Σ. Then well-posedness asserts that
I a solution u(t, x) must exist for any ||f(x)||L2 <∞
I the solution must satisfy an inequality of the form

||u||L2(t) ≤ c(t)||f ||L2

with c(t) is a continuous function (i.e. a small change in the data causes
small deviations in the solution).



A∂tu+Bi∂iu+ Cu = 0 u(0, x) = f(x)

In this case, we can write down a formal solution in terms of Fourier
transforms

u(t, x) =
1

(2π)d

∫
ddξ e−iξix

i

eiM(ξi)tf̃(ξi)

with

M(ξi) ≡ A−1
(
−Biξi + C

)
.

Problem: This may not converge as |ξ| ≡
√
ξiξi →∞!



Causality

"Physical" characteristic covectors (i.e. those associated to V ±) of the
theories are generically non-null w.r.t. gµν .
⇒ causal properties of the theory are not determined by g.

D+(Ω)

D+(Ω)

Σ
Ω



Scalar-tensor effective field theory up to 4 derivatives

Now include 4∂ terms (α, β 6= 0). Decompose the principal symbol as

P(ξ) = P2(ξ)︸ ︷︷ ︸
2∂ theory

(with gauge-fixing
terms)

+ δP(ξ)︸ ︷︷ ︸
4∂ terms

Weakly coupled: |δPIJµν | � |PIJµν2 |

The eigenvalues of M(ξi) depend continuously on M(ξi) and so, at weak
coupling, we can divide the eigenvalues into 6 groups according to which
eigenvalue (ξ̃±0 , ξ

±
0 or ξ̂±0 ) of the 2∂ theory they reduce to at α, β → 0.

Total generalized eigenspace:

V = V + ⊕ Ṽ + ⊕ V̂ + ⊕ V − ⊕ Ṽ − ⊕ V̂ −



More about the symmetrizer

{v±1 , v
±
2 , v

±
3 }: smooth basis for V ±

{ṽ±1 , ..., ṽ
±
4 }: smooth eigenvectors in Ṽ ±

{v̂±1 , ..., v̂
±
4 }: smooth eigenvectors in V̂ ±

Furthermore, let S be the matrix whose columns are these (real) basis
vectors. Then M(ξi) can be decomposed as

M(ξi) = S



Ξ+ 0 0 0 0 0

0 ξ̃+0 I4 0 0 0 0

0 0 ξ̂+0 I4 0 0 0
0 0 0 Ξ− 0 0

0 0 0 0 ξ̃−0 I4 0

0 0 0 0 0 ξ̂−0 I4

S−1

and the symmetrizer can be written as

K(ξi) =
(
S−1)T


H+
? 0 0 0 0 0

0 I4 0 0 0 0
0 0 I4 0 0 0
0 0 0 H−? 0 0
0 0 0 0 I4 0
0 0 0 0 0 I4

S−1
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