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               On the Ringdown, overtones and BH spectroscopy

State-of-the-art
· 10 BBH observations during O1 and O2 

1- Final Mass in  [18 , 80]

2- Massratios in  [1, 9 ?] 

4- Loudest SNR ~ 8.5 at 3ms after h peak 

3- Final spin in [0.67, 0.81] 

5- Evidence of subdominant modes 

6- Overtones?

GW190814 !

GW150914

GW150914 ?

GW190412 ! q~4 !

q~9 !
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               On the Ringdown, overtones and BH spectroscopy

 Image source: http://slideplayer.com/slide/4179737/

gab = g0ab + hab
<latexit sha1_base64="H+1dtvpuWJgzgJ91hYag78Rk3EQ=">AAAB/3icbZDLSsNAFIZPvNZ6iwpu3ASLIAglqYJuhKIblxXsBdoYJtNJOnQyCTMTocQufBU3LhRx62u4822cpllo64FhPv7/HObM7yeMSmXb38bC4tLyympprby+sbm1be7stmScCkyaOGax6PhIEkY5aSqqGOkkgqDIZ6TtD68nfvuBCEljfqdGCXEjFHIaUIyUljxzP/Qy5I8vw3s7h5NBfnlmxa7aeVnz4BRQgaIanvnV68c4jQhXmCEpu46dKDdDQlHMyLjcSyVJEB6ikHQ1chQR6Wb5/mPrSCt9K4iFPlxZufp7IkORlKPI150RUgM5603E/7xuqoILN6M8SRXhePpQkDJLxdYkDKtPBcGKjTQgLKje1cIDJBBWOrKyDsGZ/fI8tGpV57Rauz2r1K+KOEpwAIdwDA6cQx1uoAFNwPAIz/AKb8aT8WK8Gx/T1gWjmNmDP2V8/gDkppYF</latexit>

Characteristic ‘chords’ of BHs 

Occurs when the geometry is perturbed by any scalar, vector or tensor 
perturbation.

The perturbation is emitted back as a superposition of dissipative (decaying) 
modes with characteristic frequencies and damping times.

|hab| << |g0ab|
<latexit sha1_base64="uyzvemhB1axPKi+jNVyuGaI5onI=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgquSVEEXXRTduKxgL9DGMJlO2qGTCzMToaQFX8WNC0Xc+hzufBunaRba+sPAx3/O4Zz5vZgzqSzr2yisrK6tbxQ3S1vbO7t75v5BS0aJILRJIh6Jjocl5SykTcUUp51YUBx4nLa90c2s3n6kQrIovFfjmDoBHoTMZwQrbbnm0WToptibTmo1NBlk+GBNXLNsVaxMaBnsHMqQq+GaX71+RJKAhopwLGXXtmLlpFgoRjidlnqJpDEmIzygXY0hDqh00uz8KTrVTh/5kdAvVChzf0+kOJByHHi6M8BqKBdrM/O/WjdR/pWTsjBOFA3JfJGfcKQiNMsC9ZmgRPGxBkwE07ciMsQCE6UTK+kQ7MUvL0OrWrHPK9W7i3L9Oo+jCMdwAmdgwyXU4RYa0AQCKTzDK7wZT8aL8W58zFsLRj5zCH9kfP4AJuqVmg==</latexit>



               On the Ringdown, overtones and BH spectroscopy

· Ringdown Waveform Clmn = Almne
◆�lmn

<latexit sha1_base64="9Mpi8Nt0Y9zNmd0HUxk+GYkYJRM=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGq3bisYB/QGUsmzbSheQxJRihDP8CNv+LGhSJu/QB3/o1pZxbaeiDkcM65JPeEMaPauO63s7S8srq2Xtgobm5t7+yW9vZbWiYKkyaWTKpOiDRhVJCmoYaRTqwI4iEj7XBUn/rtB6I0leLOjGMScDQQNKIYGSv1SuV6L2VcTC6vspvcpz6VBkE/HtJMmtiUW3FngIvEy0kZ5Gj0Sl9+X+KEE2EwQ1p3PTc2QYqUoZiRSdFPNIkRHqEB6VoqECc6SGfLTOCxVfowksoeYeBM/T2RIq71mIc2yZEZ6nlvKv7ndRMTXQQpFXFiiMDZQ1HCoJFw2gzsU0WwYWNLEFbU/hXiIVIIG9tf0Zbgza+8SFrVindaqd6elWvXeR0FcAiOwAnwwDmogRvQAE2AwSN4Bq/gzXlyXpx35yOLLjn5zAH4A+fzB+VTnCk=</latexit>

Overtones

The QNM spectra spectrum: unique to the 
mass & spin of the BH

Set of QNM amplitudes &
phase shifts

Overtones and modes have been know to be important in RD 
modelling and considered as well for BH spectroscopy 

h = ⌃lmnClmne
�◆!lmn(t�t0lmn)e�(t�t0lmn)/⌧lmn Ylm

<latexit sha1_base64="oISfLL8ccW9RJ3SM6xKYNnwRIaQ="></latexit>
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Phys.Rev.Lett. 116 (2016) 

Though the exact position is not well known

~ v/c expansions ~ Nonlinear regime ~ Linear regime

(‘far’ from merger)

Well described by PT

Teukolsky, Chandrasekhar, Ferrari,  

Kokkotas, Berti, Cardoso… 
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log p(d|~✓) / hd� hT |d� hT i
<latexit sha1_base64="QJY3URthesC1YCwwG9l1YlHCy68="></latexit>

ha|bi = 4R
Z fmax

flow

a(f) b⇤(f)

Sn(f)
df

<latexit sha1_base64="m71oT1RakjvqjdkypZ0Eke/bFng="></latexit>

The likelihood function requires both a signal model and a noise model.

To estimate the BH parameters we need a model for the likelihood function.

d = h+ n
<latexit sha1_base64="e621Qfg9DGOO+SuGI8PUeJLIsl4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRZBEMpuFfQiFL14rGA/oF1KNpttQ7PJmmSFsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeUHCmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvLVBHaJJJL1QmwppwJ2jTMcNpJFMVxwGk7GN1O/fYTVZpJ8WDGCfVjPBAsYgQbK3XCazREZ0j0yxW36s6AlomXkwrkaPTLX71QkjSmwhCOte56bmL8DCvDCKeTUi/VNMFkhAe0a6nAMdV+Nrt3gk6sEqJIKlvCoJn6eyLDsdbjOLCdMTZDvehNxf+8bmqiKz9jIkkNFWS+KEo5MhJNn0chU5QYPrYEE8XsrYgMscLE2IhKNgRv8eVl0qpVvfNq7f6iUr/J4yjCERzDKXhwCXW4gwY0gQCHZ3iFN+fReXHenY95a8HJZw7hD5zPH0aRjtA=</latexit>

,, ⇢2 ⇠
<latexit sha1_base64="lgPvqjRHvvCSKpNSA1vqAUlYw8Q=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7AcksWy2m3bpbjbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3ImKY4AlrAwfBeqlmREaCdaPx7czvPjFtuEoeYJKyUJJhwmNOCVjJD/RIPTZwYLjsV2tu3Z0DrxKvIDVUoNWvfgUDRTPJEqCCGON7bgphTjRwKti0EmSGpYSOyZD5liZEMhPm85On+MwqAxwrbSsBPFd/T+REGjORke2UBEZm2ZuJ/3l+BvF1mPMkzYAldLEozgQGhWf/4wHXjIKYWEKo5vZWTEdEEwo2pYoNwVt+eZV0GnXvot64v6w1b4o4yugEnaJz5KEr1ER3qIXaiCKFntErenPAeXHenY9Fa8kpZo7RHzifP74ukOY=</latexit>
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· Ringdown Waveform Clmn = Almne
◆�lmn

<latexit sha1_base64="9Mpi8Nt0Y9zNmd0HUxk+GYkYJRM=">AAACDHicbVDLSgMxFM34rPVVdekmWARXZaYKuhGq3bisYB/QGUsmzbSheQxJRihDP8CNv+LGhSJu/QB3/o1pZxbaeiDkcM65JPeEMaPauO63s7S8srq2Xtgobm5t7+yW9vZbWiYKkyaWTKpOiDRhVJCmoYaRTqwI4iEj7XBUn/rtB6I0leLOjGMScDQQNKIYGSv1SuV6L2VcTC6vspvcpz6VBkE/HtJMmtiUW3FngIvEy0kZ5Gj0Sl9+X+KEE2EwQ1p3PTc2QYqUoZiRSdFPNIkRHqEB6VoqECc6SGfLTOCxVfowksoeYeBM/T2RIq71mIc2yZEZ6nlvKv7ndRMTXQQpFXFiiMDZQ1HCoJFw2gzsU0WwYWNLEFbU/hXiIVIIG9tf0Zbgza+8SFrVindaqd6elWvXeR0FcAiOwAnwwDmogRvQAE2AwSN4Bq/gzXlyXpx35yOLLjn5zAH4A+fzB+VTnCk=</latexit>

· l=m=2 is the dominant mode. Where most SNR comes in.

h = ⌃lmnClmne
�◆!lmn(t�t0lmn)e�(t�t0lmn)/⌧lmn Ylm

<latexit sha1_base64="oISfLL8ccW9RJ3SM6xKYNnwRIaQ="></latexit>

· l=m≠2 more excited  for 
Sources not aligned with the line of sight

Highly asymmetric sources (high q, high a)

· Same for n tones. Relevance of n   as n  
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Valid for moderate spins

!lmn(af ,Mf ) ⇡
l

2
!22n(af ,Mf )

<latexit sha1_base64="MUg33ftDuwPc4uayBUGSs/WXW8o=">AAACJnicbVDLSgMxFM34tr6qLt0Ei6AgZWYUdCOIbtwIClYLnTLcSTM1mMeQZMQyzNe48VfcuFBE3PkpprWCVg8EDuecy809ScaZsb7/7o2NT0xOTc/MVubmFxaXqssrl0blmtAGUVzpZgKGciZpwzLLaTPTFETC6VVyc9z3r26pNkzJC9vLaFtAV7KUEbBOiqsHkRK0C3HBhSw3IU63T+N0K4Is0+oOR6kGUvCyCMvvXBj+yMXVml/3B8B/STAkNTTEWVx9jjqK5IJKSzgY0wr8zLYL0JYRTstKlBuaAbmBLm05KkFQ0y4GZ5Z4wykdnCrtnrR4oP6cKEAY0xOJSwqw12bU64v/ea3cpvvtgskst1SSr0VpzrFVuN8Z7jBNieU9R4Bo5v6KyTW4aqxrtuJKCEZP/ksuw3qwUw/Pd2uHR8M6ZtAaWkebKEB76BCdoDPUQATdo0f0jF68B+/Je/XevqJj3nBmFf2C9/EJWhylqA==</latexit>

⌧lmn(af ,Mf ) ⇡ ⌧22n(af ,Mf )
<latexit sha1_base64="lG86r0kNn2qQxgnSzzuBa/CuhzE=">AAACF3icbVDLSsNAFJ34rPVVdelmsAgVpCRV0GXRjRuhgn1AE8LNdNIOnUzCzEQsoX/hxl9x40IRt7rzb5w+FrX1wIXDOfdy7z1BwpnStv1jLS2vrK6t5zbym1vbO7uFvf2GilNJaJ3EPJatABTlTNC6ZprTViIpRAGnzaB/PfKbD1QqFot7PUioF0FXsJAR0EbyC2VXQ+pnPBLDEvjh6a0fnriQJDJ+xBOrUpmx/ELRLttj4EXiTEkRTVHzC99uJyZpRIUmHJRqO3aivQykZoTTYd5NFU2A9KFL24YKiKjysvFfQ3xslA4OY2lKaDxWZycyiJQaRIHpjED31Lw3Ev/z2qkOL72MiSTVVJDJojDlWMd4FBLuMEmJ5gNDgEhmbsWkBxKINlHmTQjO/MuLpFEpO2flyt15sXo1jSOHDtERKiEHXaAqukE1VEcEPaEX9IberWfr1fqwPietS9Z05gD9gfX1C9ZWnw4=</latexit>

n f22n [Hz] ⌧22n [ms] f33n [Hz] ⌧33n [ms]

0 249.59 4.1 395.55 4.0

1 244.09 1.3 392.57 1.3

2 233.88 0.8 386.94 0.8

3 220.26 0.6 379.30 0.6

4 205.66 0.4 370.43 0.4

5 197.56 0.4 361.10 0.3

6 197.43 0.3 351.96 0.3

7 198.08 0.3 343.50 0.3
<latexit sha1_base64="xERAljjmgAiDxoAUwwuWJEz8pl8="></latexit>

Mode-tone frequencies O(5Hz) for a GW150914 event
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Black hole no-hair theorem test — [Israel, Hawking, Carter…] 

A BH spacetime in general relativity (GR) is uniquely defined by at most three parameters:  
the mass, the angular momentum and the electric charge.

http://gwplotter.com/
http://gwplotter.com/
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Black hole no-hair theorem test — [Israel, Hawking, Carter…] 

A BH spacetime in general relativity (GR) is uniquely defined by at most three parameters:  
the mass, the angular momentum and the electric charge.

Perturbative dynamics parametrizable by its mass and spins

!lmn = f(Mf , af )
<latexit sha1_base64="uoMs9F5pM0mTaoNf3UyhTt7clqU=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlqYJuhKIbN0IF+4A2hMl00g6dR5iZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/feE8aUKO2631ZhaXllda24XtrY3NresXf3WkokEuEmElTITggVpoTjpiaa4k4sMWQhxe1wdDPx249YKiL4gx7H2GdwwElEENRGCuyDnmB4AIOUMp5dRZW7IDqFQXQS2GW36k7hLBIvJ2WQoxHYX72+QAnDXCMKlep6bqz9FEpNEMVZqZcoHEM0ggPcNZRDhpWfTh/InGOj9J1ISFNcO1P190QKmVJjFppOBvVQzXsT8T+vm+jo0k8JjxONOZotihLqaOFM0nD6RGKk6dgQiCQxtzpoCCVE2mRWMiF48y8vklat6p1Va/fn5fp1HkcRHIIjUAEeuAB1cAsaoAkQyMAzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/AOTqlfA=</latexit>

⌧lmn = g(Mf , af )
<latexit sha1_base64="vyURKmOTX9u67BY2RoBw94ZwQUo=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AIFaQkVdCLUPTiRahgP6AtYbPdtEt3N2F3I5RQ8K948aCIV3+HN/+N2zYHbX0w8Hhvhpl5Qcyo0q77beWWlldW1/LrhY3Nre0de3evoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwvJn4zUciFY3Egx7FpMtRX9CQYqSN5NsHHY0SP2VcjK/6pTs/PEV+eOLbRbfsTuEsEi8jRchQ8+2vTi/CCSdCY4aUanturLspkppiRsaFTqJIjPAQ9UnbUIE4Ud10ev7YOTZKzwkjaUpoZ6r+nkgRV2rEA9PJkR6oeW8i/ue1Ex1edlMq4kQTgWeLwoQ5OnImWTg9KgnWbGQIwpKaWx08QBJhbRIrmBC8+ZcXSaNS9s7KlfvzYvU6iyMPh3AEJfDgAqpwCzWoA4YUnuEV3qwn68V6tz5mrTkrm9mHP7A+fwBqQpUe</latexit>

Clmn = h(Mf , af )
<latexit sha1_base64="bT/F9H7XtNhBjjcseTSbc5bhQfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqSEmqoBuh2I0boYJ9QBvCZDpph85MwsxELCG/4saFIm79EXf+jdM2C209cOFwzr3ce08QM6q043xbK6tr6xubha3i9s7u3r59UGqrKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4wbU7/zSKSikXjQk5h4HA0FDSlG2ki+XWr4KeMiux5V7vzwDPnhqW+XnaozA1wmbk7KIEfTt7/6gwgnnAiNGVKq5zqx9lIkNcWMZMV+okiM8BgNSc9QgThRXjq7PYMnRhnAMJKmhIYz9fdEirhSEx6YTo70SC16U/E/r5fo8MpLqYgTTQSeLwoTBnUEp0HAAZUEazYxBGFJza0Qj5BEWJu4iiYEd/HlZdKuVd3zau3+oly/yeMogCNwDCrABZegDm5BE7QABk/gGbyCNyuzXqx362PeumLlM4fgD6zPH8gxk54=</latexit>

http://gwplotter.com/
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Black hole no-hair theorem test — [Israel, Hawking, Carter…] 

A BH spacetime in general relativity (GR) is uniquely defined by at most three parameters:  
the mass, the angular momentum and the electric charge.

Perturbative dynamics parametrizable by its mass and spins

!lmn = f(Mf , af )
<latexit sha1_base64="uoMs9F5pM0mTaoNf3UyhTt7clqU=">AAACAHicbVDLSsNAFJ3UV62vqAsXboJFqCAlqYJuhKIbN0IF+4A2hMl00g6dR5iZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/feE8aUKO2631ZhaXllda24XtrY3NresXf3WkokEuEmElTITggVpoTjpiaa4k4sMWQhxe1wdDPx249YKiL4gx7H2GdwwElEENRGCuyDnmB4AIOUMp5dRZW7IDqFQXQS2GW36k7hLBIvJ2WQoxHYX72+QAnDXCMKlep6bqz9FEpNEMVZqZcoHEM0ggPcNZRDhpWfTh/InGOj9J1ISFNcO1P190QKmVJjFppOBvVQzXsT8T+vm+jo0k8JjxONOZotihLqaOFM0nD6RGKk6dgQiCQxtzpoCCVE2mRWMiF48y8vklat6p1Va/fn5fp1HkcRHIIjUAEeuAB1cAsaoAkQyMAzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/AOTqlfA=</latexit>

⌧lmn = g(Mf , af )
<latexit sha1_base64="vyURKmOTX9u67BY2RoBw94ZwQUo=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJS7AIFaQkVdCLUPTiRahgP6AtYbPdtEt3N2F3I5RQ8K948aCIV3+HN/+N2zYHbX0w8Hhvhpl5Qcyo0q77beWWlldW1/LrhY3Nre0de3evoaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYwvJn4zUciFY3Egx7FpMtRX9CQYqSN5NsHHY0SP2VcjK/6pTs/PEV+eOLbRbfsTuEsEi8jRchQ8+2vTi/CCSdCY4aUanturLspkppiRsaFTqJIjPAQ9UnbUIE4Ud10ev7YOTZKzwkjaUpoZ6r+nkgRV2rEA9PJkR6oeW8i/ue1Ex1edlMq4kQTgWeLwoQ5OnImWTg9KgnWbGQIwpKaWx08QBJhbRIrmBC8+ZcXSaNS9s7KlfvzYvU6iyMPh3AEJfDgAqpwCzWoA4YUnuEV3qwn68V6tz5mrTkrm9mHP7A+fwBqQpUe</latexit>

Clmn = h(Mf , af )
<latexit sha1_base64="bT/F9H7XtNhBjjcseTSbc5bhQfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqSEmqoBuh2I0boYJ9QBvCZDpph85MwsxELCG/4saFIm79EXf+jdM2C209cOFwzr3ce08QM6q043xbK6tr6xubha3i9s7u3r59UGqrKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4wbU7/zSKSikXjQk5h4HA0FDSlG2ki+XWr4KeMiux5V7vzwDPnhqW+XnaozA1wmbk7KIEfTt7/6gwgnnAiNGVKq5zqx9lIkNcWMZMV+okiM8BgNSc9QgThRXjq7PYMnRhnAMJKmhIYz9fdEirhSEx6YTo70SC16U/E/r5fo8MpLqYgTTQSeLwoTBnUEp0HAAZUEazYxBGFJza0Qj5BEWJu4iiYEd/HlZdKuVd3zau3+oly/yeMogCNwDCrABZegDm5BE7QABk/gGbyCNyuzXqx362PeumLlM4fgD6zPH8gxk54=</latexit>

(Mf , af )
<latexit sha1_base64="nh1HX34+DrCcH7cov6zM3fyKBXM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MWLUMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQz9VtPVGkWyQczjqkv8ECykBFsrPRYvuuFZ7gXnvaKJbfizoCWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46O3iCTqzSR2GkbEmDZurviRQLrccisJ0Cm6Fe9Kbif14nMeGVnzIZJ4ZKMl8UJhyZCE2/R32mKDF8bAkmitlbERlihYmxGRVsCN7iy8ukWa1455Xq/UWpdp3FkYcjOIYyeHAJNbiFOjSAgIBneIU3RzkvzrvzMW/NOdnMIfyB8/kDfiiPjQ==</latexit>

!lmn
<latexit sha1_base64="0zLm/y3bkqDVXwF0vS1uN5k5mws=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84DsEmYns8mQeSwzs0JY8htePCji1Z/x5t84SfagiQUNRVU33V1xypmxvv/tra1vbG5tl3bKu3v7B4eVo+O2UZkmtEUUV7obY0M5k7RlmeW0m2qKRcxpJx7fzfzOE9WGKfloJymNBB5KljCCrZPCUAk6xP2cCzntV6p+zZ8DrZKgIFUo0OxXvsKBIpmg0hKOjekFfmqjHGvLCKfTcpgZmmIyxkPac1RiQU2Uz2+eonOnDFCitCtp0Vz9PZFjYcxExK5TYDsyy95M/M/rZTa5iXIm08xSSRaLkowjq9AsADRgmhLLJ45gopm7FZER1phYF1PZhRAsv7xK2vVacFmrP1xVG7dFHCU4hTO4gACuoQH30IQWEEjhGV7hzcu8F+/d+1i0rnnFzAn8gff5A3ulkfk=</latexit>

⌧lmn
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Clmn
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2- BH spectroscopy or the observation of the QNM spectrum:  {An, φn, ωn, τn}

2.1— An observational validation of the no-hair theorem requires that the QNM frequencies and the damping times must be 
estimated by performing a Bayesian parameter estimation (PE) on all the RD model parameters (i.e., {An, φn, ωn, τn}).

2.2— It is sufficient to obtain independent measurements of at least two QNM modes.

Isi et al.

Spectroscopy with tones 
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Testing the BH no-hair theorem.

1- IMR consistency tests

LIGO-Virgo collaboration

· Estimate the final mass and final spin from different data chops.

· In GR both must agree!



An Overtone model for GW150914

               On the Ringdown, overtones and BH spectroscopy

Phys. Rev. D 101, 044033 (2020)



n f22n [Hz] ⌧22n [ms] f33n [Hz] ⌧33n [ms]

0 249.59 4.1 395.55 4.0

1 244.09 1.3 392.57 1.3

2 233.88 0.8 386.94 0.8

3 220.26 0.6 379.30 0.6

4 205.66 0.4 370.43 0.4

5 197.56 0.4 361.10 0.3

6 197.43 0.3 351.96 0.3

7 198.08 0.3 343.50 0.3
<latexit sha1_base64="xERAljjmgAiDxoAUwwuWJEz8pl8="></latexit>

Mode-tone frequencies O(5Hz) for a GW150914 event

?
?

?
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Take a NR case compatible with GW150914  
                                                    (SXS NR Data)
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Fix them to GR QNM spectrum.

Fit amplitudes Clmn to NR.
London et al., Giesler et al., Bhagwat et al. 

Giesler et al., Bhagwat et al.

h = ⌃lmnClmne
�◆!lmn(t�t0lmn)e�(t�t0lmn)/⌧lmn Ylm

<latexit sha1_base64="oISfLL8ccW9RJ3SM6xKYNnwRIaQ="></latexit>

ℳ=
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Measure of goodness?



Do we really need QNMs to reproduce these fits?

No, so long as we have the frequency of n=0 mode, we can model RD accurately with 

nonQNM. 

               On the Ringdown, overtones and BH spectroscopy
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Are we sure that we can calibrate the amplitudes accurately?



20

h 6= hT
<latexit sha1_base64="4jMnA5HHPfmyMw537QFeDJEtwR4=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4j5IXJEmYnvcmQ2dl1ZlYIIX/hxYMiXv0bb/6Nk2QPmljQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfmtJ1Sax7Juxgn6ER1IHnJGjZUehqQr8ZEMe/VeseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn84un5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhtT/hMkkNSrZYFKaCmJjM3id9rpAZMbaEMsXtrYQNqaLM2JAKNgRv+eVV0qyUvYty5f6yVL3J4sjDCZzCOXhwBVW4gxo0gIGEZ3iFN0c7L86787FozTnZzDH8gfP5A69lkEU=</latexit>

d� hT 6= n
<latexit sha1_base64="EaH6Dpe5IzK9AYpGzq/t9fid57Y=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxItlFEz0SvXjEhFcCK5kdGpgwO7vOzGoI4T+8eNAYr/6LN//GAfagYCWdVKq6090VxIJr47rfTmZldW19I7uZ29re2d3L7x/UdZQohjUWiUg1A6pRcIk1w43AZqyQhoHARjC8mfqNR1SaR7JqRjH6Ie1L3uOMGivdd8kZGXSqpC3xgchOvuAW3RnIMvFSUoAUlU7+q92NWBKiNExQrVueGxt/TJXhTOAk1040xpQNaR9blkoaovbHs6sn5MQqXdKLlC1pyEz9PTGmodajMLCdITUDvehNxf+8VmJ6V/6YyzgxKNl8US8RxERkGgHpcoXMiJEllClubyVsQBVlxgaVsyF4iy8vk3qp6J0XS3cXhfJ1GkcWjuAYTsGDSyjDLVSgBgwUPMMrvDlPzovz7nzMWzNOOnMIf+B8/gCTW5FE</latexit>

Systematic errors 

Log likelihood function under the assumption of large SNR can be approximated as,

Systematic errors issues , 

log p(d|~✓) / ⇢2(1� hh|hT ip
hh|hihhT |hT i

)
<latexit sha1_base64="uNExEUZhV8Bhl/4bVYlFgBLBoAk="></latexit>

ℳ

⇢ / ��1
<latexit sha1_base64="jfeZU8PqKPp6jEsZYA8iCgijyWI=">AAACAXicbVBLSwMxGMzWV62vVS+Cl2ARvFh2q6DHohePFewDumvJptk2NNmEJCuUpV78K148KOLVf+HNf2Pa7kFbB0KGme8jmYkko9p43rdTWFpeWV0rrpc2Nre2d9zdvaYWqcKkgQUTqh0hTRhNSMNQw0hbKoJ4xEgrGl5P/NYDUZqK5M6MJAk56ic0phgZK3Xdg0ANBAykEtLYW9M+R/fZqT/uumWv4k0BF4mfkzLIUe+6X0FP4JSTxGCGtO74njRhhpShmJFxKUg1kQgPUZ90LE0QJzrMpgnG8NgqPRgLZU9i4FT9vZEhrvWIR3aSIzPQ895E/M/rpCa+DDOayNSQBM8eilMGbdhJHbBHFcGGjSxBWFH7V4gHSCFsbGklW4I/H3mRNKsV/6xSvT0v167yOorgEByBE+CDC1ADN6AOGgCDR/AMXsGb8+S8OO/Ox2y04OQ7++APnM8fFHeWpQ==</latexit>
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GW150914 SXS:0305

What happens if modify the QNM (again)? 



From Fisher Matrix analysis  ——> 

⇢ > ⇢crit =
Max[⇢�f0 , ⇢�f1 ]

|f0 � f1|
<latexit sha1_base64="7PFDR3P5jKOUMSGBy31O4gxjByk="></latexit>

Berti et al. 

               On the Ringdown, overtones and BH spectroscopy

log p(d|~✓) / ⇢2(1� hh|hT ip
hh|hihhT |hT i

)
<latexit sha1_base64="uNExEUZhV8Bhl/4bVYlFgBLBoAk="></latexit>

GW150914 SXS:0305

· Resolving tone frequencies is difficult. How difficult?

(SXS:1220 -> q=4)
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Higher modes?

Clmn = Almne
◆�lmn
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h = ⌃lmnClmne
�◆!lmn(t�t0lmn)e�(t�t0lmn)/⌧lmn Ylm

<latexit sha1_base64="oISfLL8ccW9RJ3SM6xKYNnwRIaQ="></latexit>
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https://arxiv.org/pdf/2005.03260.pdf

https://arxiv.org/pdf/2005.03260.pdf


- What is the optimal set of QNMs to perform 2-mode/tone BH spectroscopy?, i.e.,  
the l = 2, m = 2, n = 0 mode along with either: 

a) its first overtone, i.e., the l = 2, m = 2, n =1  

b) another angular mode, i.e, either the l= 3, m = 3, n =0 or the   l= 2, m = 1, n =0

- What is the optimal set of QNMs to perform 2-mode/tone BH spectroscopy which requires less 
SNR?

- Which physical configuration is potentially more promising for detection (if any)?

               On the Ringdown, overtones and BH spectroscopy



We need models for the amps. and phase shifts! 

               On the Ringdown, overtones and BH spectroscopy

SXS catalogue Clmn = Almne
◆ �lmn
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Fits to NR to have my template complete: tones 



We need models for the amps. and phase shifts! 
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SXS catalogue Clmn = Almne
◆ �lmn
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Fits to NR to have my template complete: modes 



We require for black hole spectroscopy:

               On the Ringdown, overtones and BH spectroscopy

Q = ⇡⌧f
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4. Are requirements fulfilled?

               On the Ringdown, overtones and BH spectroscopy

GW190814 ! q~9 —> snr into the 33 ~  6



 What does stacking means?

Probability of observing N independent events:
Gaussian noise

⇧N
i Pi(↵i) ⇠ ⇧N

i e
(↵�↵i)

2

2�2
i

<latexit sha1_base64="qjuWHRj8vH1kKI6ylW/fZfvsgAU="></latexit>

P (↵) =
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Simplest scenario : αi =0 P (↵) / e
↵2

2�2
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α =0.46 ,  σ = 0.93  

               What is left for the future?

+Carullo
+Cabero…

Stacking of freqs.

Stacking of freqs. 
+ amps & phases?

�N =
⇧N

l �lPN
j ⇧N

l 6=j�l
<latexit sha1_base64="8gQMsgcOypcDcgnCrTqUIxzEzEs="></latexit>



1. A 8-tone RD model faithfully reproduces a NR -RD from the peak of the  

amplitude but it is unclear if the damped sinusoids can be interpreted as QNMs. 

 
2. Do the overtones all start simultaneously? Or is this a very strong assumption  

that might lead to misleading results?  

3. For nonspinning binaries with q . 1.2, BH spectroscopy with overtones becomes 

more convenient, although it requires very loud signals (ρRD & 100). 

4. BH spectroscopy could be successfully performed with the l = m = 3 mode and at 

10% accuracy level if a signal with ρRD ≈ 8 and q ∼ 2 is observed.  

               Conclusions



BONUS SLIDES



· N: NR simulations at SNR~ 100,  q<3 (or af<~0.7) and Mf~70M

What does stacking means?

Carullo et al. 2018 (Phys. Rev. D 98, 104020 (2018)

· With 6 events —> α ~ 1.5% accuracy 

· Not bad for spectroscopy since w220-w221~ 2.3%  for q~1 and Mf~70 .
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               Picking the start time: 2-tone model



σ

               Picking the start time: 2-tone model
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http://gwplotter.com/

RD

http://gwplotter.com/
http://gwplotter.com/


h =
X

n

Cne
◆(t�t0)!n(1+

↵n
100 )e�(t�t0)/⌧n
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The difference                                          implies a systematic Bias.|M(↵n)�M(↵n = 0)|
<latexit sha1_base64="SZYTVVe3PpAG/L0rXQWGkKPlnTM=">AAACGHicbVDLSgNBEJyNrxhfUY9eBoOQHIy7UdCLEPTiRYhgHpAsS+9kkgyZnV1mZoWwyWd48Ve8eFDEa27+jZPHQWMKGoqqbrq7/IgzpW3720qtrK6tb6Q3M1vbO7t72f2DmgpjSWiVhDyUDR8U5UzQqmaa00YkKQQ+p3W/fzvx609UKhaKRz2IqBtAV7AOI6CN5GXPhq0AdI8AT+5H+RbwqAeeKJwuU6/twtDL5uyiPQX+T5w5yaE5Kl523GqHJA6o0ISDUk3HjrSbgNSMcDrKtGJFIyB96NKmoQICqtxk+tgInxiljTuhNCU0nqq/JxIIlBoEvumc3KsWvYm4zGvGunPlJkxEsaaCzBZ1Yo51iCcp4TaTlGg+MASIZOZWTHoggWiTZcaE4Cy+/J/USkXnvFh6uMiVb+ZxpNEROkZ55KBLVEZ3qIKqiKBn9Ire0Yf1Yr1Zn9bXrDVlzWcO0R9Y4x+KDqAN</latexit>

1. We recover the frequencies and damping time all QNMs from a Bayesian PE performed over 

ALL the RD model parameter. 

               The troubles with modelling RD with overtones



2. Do we really need QNMs to reproduce these fits?

No, so long as we have the frequency of n=0 mode, we can model RD accurately with 

nonQNM. Then, can we interpret the damped sinusoids as QNMs of the BH?!? 

               The troubles with modelling RD with overtones



h =
X

n

Cne
◆(t�t0)!n(1+

↵n
100 )e�(t�t0)/⌧n
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Optimal start time is when Statistical Error = Systematic Bias 
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Berti et al.  (Class. Quant. Grav. 26, 163001 (2009)) 

               Picking the start time: 2-tone model



However…

Independent of the interpretations of the damped sinusoids used in the modelling of 

RD, we can still test the no hair theorem using overtones from GW observations iff — 

1. We recover the frequencies and damping time all QNMs from a Bayesian 

PE performed over ALL the RD model parameter. 

2. The recover posterior for the frequencies and the damping time be such 

that the overtones frequencies and damping time be resolvable. 

               The troubles with modelling RD with overtones





               On the Ringdown, overtones and BH spectroscopy



Symmetries

               On the Ringdown, overtones and BH spectroscopy

Still some systematics!



http://gwplotter.com/

               On the Ringdown, overtones and BH spectroscopy

http://gwplotter.com/

